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COMPLEXITY OF GAUGE BOUNDED CARTIER
ALGEBRAS
HENRY JULY AND AXEL STA¨BLER
Abstract. We show that a gauge bounded Cartier algebra has finite
complexity. We also give an example showing that the converse does
not hold in general.
1. Introduction
The central notion of this note is the following
Definition 1.1. Let R be an F -finite noetherian (commutative) ring.
(i) We denote by
CR =
⊕
e≥0
CRe =
⊕
e≥0
HomR(F
e
∗R,R)
the total Cartier algebra of R. We note that this is a non-commutative
ring, where multiplication ϕ · ψ is defined as ϕ ◦ F a∗ ψ for ϕ ∈ C
R
a and
ψ ∈ CRb . Also note that any C
R
e is an R-bimodule where the left module
structure is the ordinary one and the right module structure is given
by noting that F e∗R = R as rings. These module structures are then
related by ϕ · rp
e
= r · ϕ for any ϕ ∈ CRe .
(ii) We call a graded subring D ⊆ CR a Cartier subalgebra of R, if D0 = R
and De 6= 0 holds for some e > 0. We write D+ for
⊕
e≥1De.
Given an F -finite field k we fix an isomorphism k → F !k = Homk(F∗k, k)
(where on the right we consider the right k-module structure). Denote the
adjoint map F∗k → k by λ. If R = k[x1, . . . , xn] is a polynomial ring over
an F -finite field, then HomR(F
e
∗R,R) is generated as a right-R-module by
the so-called Cartier operator κe : F e∗R→ R
κe(cxα) =
{
λe(c), if αi = p
e − 1 for all 1 ≤ i ≤ n,
0, if αi < p
e − 1 for some i.
Little is lost if the reader assumes that k is perfect and λ is defined as the
pth root map. In particular, in the case that R is a polynomial ring, CR is
generated by κ as an R-algebra.
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It is understood that CR is not finitely generated in many cases of interest
if R is not a Gorenstein ring ([Kat10], [AMBZ12]). Due to this, weaker finite-
ness notions have been introduced. The first one is that of the complexity
of the Cartier algebra which loosely speaking measures how fast the number
of generators as a right R-module grows with the homogeneous degree.
Definition 1.2 (see [EY16]). Let (R,D) be as above.
(i) For e ≥ −1 let Ge := Ge(D) be the subring of D generated by elements
of degree ≤ e. We write ke for the minimal number of homogeneous
generators of Ge and call (ke − ke−1)e the complexity sequence of D.
(ii) Provided that the ke are finite the complexity of D is defined as
cx(D) := inf{n ∈ R>0 : ke − ke−1 = O(n
e)}.
We follow the convention that the infimum over ∅ is ∞.
(iii) The Frobenius exponent of D is defined as expF (D) = logp(cx(D)).
The second finiteness notion is that of gauge boundedness ([Bli13]). This
notion is very useful in proving various desired properties for test ideal fil-
trations. From now on we let S = k[x1, . . . , xn] be a polynomial ring in n
variables over an F -finite field k.
Definition 1.3. (i) For each d ≥ 0 let Sd be the k-subspace of S which
is generated by all monomials xα11 · · · x
αn
n such that 0 ≤ α1, ..., αn ≤ d.
We will loosely refer to this as the maximum norm. Let I ⊆ S be an
ideal and R = S/I. The Sd induce an increasing filtration on R by
setting R−∞ = 0 and Rd = Sd · 1R for d ≥ 0. For r ∈ R we define a
gauge δ : R→ N ∪ {−∞} via
δ(r) =
{
−∞, if r = 0,
d, if r 6= 0 and r ∈ Rd rRd−1.
(ii) Let D ⊆ CR be a Cartier algebra. We say that D (or the pair (R,D))
is gauge bounded if there is a set
{ψi |ψi ∈ Dei , ei ≥ 1}
which generates D+ as a right R-module and a constant K such that
δ(ψi(r)) ≤
δ(r)
pei
+K
for all r ∈ R.
Overall, the notion of gauge boundedness is still poorly understood.
While there are examples of non-gauge bounded Cartier algebras ([BS19]),
it is unknown whether the full Cartier algebra CR for a quotient R of S is
always gauge bounded or not.
Our goal in this note is to show that gauge boundedness implies finite
complexity and that the converse is not true. We also give an elementary
proof of a result of Enescu–Perez ([EP19, Theorem 3.9]) at the expense of
a worse bound.
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2. The result
Recall that throughout S = k[x1, . . . , xn] is a polynomial ring over an
F -finite field k.
When dealing with CR for R = S/I we have by Fedder ([Fed83]) an
isomorphism of R-modules
Ψ:
(I [p
e] : I)
I [pe]
−→ HomR(F
e
∗R,R).
In particular, for a Cartier subalgebra D ⊆ CR we may also study the action
of the Cartier algebra ⊕
e≥0
κeJe
on R, where κ is a generator of HomS(F∗S, S) and Je = Ψ
−1(De).
Lemma 2.1. Let I ⊂ S be an ideal, R = S/I and D ⊆ CR a subalgebra
on R. For each e we fix a minimal system of generators (f1, . . . , fae) of Je
and denote the maximum of the deg fi by d(Je). If d(Je) ≤ Kp
te for some
constants K and t, then the complexity sequence (ke − ke−1) is in O(p
etn).
Proof. We have the following inequality where for the first equality we simply
count the number of monomials of degree ≤ d in S
ke − ke−1 ≤ ke ≤
Kpte∑
d=0
dimk Sd =
(
n+Kpte
Kpte
)
=
(n+Kpte) · · · (Kpte + 1)
n(n− 1) · · · 1
=
(
1 +Kpte
)(
1 +
Kpte
n− 1
)
· · ·
(
1 +Kpte
)
≤ (Kpte + 1)n
≤ K ′pten
for some constant K ′. Thus (ke − ke−1) ∈ O(p
etn) as claimed. 
We can now give an elementary proof of [EP19, Theorem 3.9] with a
worse bound (they achieve dimR instead of dimS = n).
Theorem 2.2. Let I ⊂ S be an ideal, R = S/I and D ⊆ CR a subalgebra
on R. With notation as above, if d(Je) = O(p
te) holds for some fixed t (and
some choice of generating system), then
expF (D) ≤ t · n.
Proof. From Lemma 2.1 we get ke − ke−1 = O(p
ten) and therefore also
cx(D) ≤ ptn. Hence, expF (D) = logp(cx(D)) ≤ logp(p
tn) = tn. 
4 H. JULY AND A. STA¨BLER
Remark 2.3. (a) Note that [EP19, Theorem 3.9] requires the ideal to be
homogeneous whereas we do not need this assumption. Alternatively,
one can also avoid this by arguing as in [KZ14, Remark 2.3] to obtain
the bound t(dimR+ 1) via [EP19, Theorem 3.9].
(b) The strategy to apply Theorem 2.2 above is to use [KZ14, Lemma 3.2,
Theorem 3.3] as outlined in [EP19]. Unfortunately, the proof of [KZ14,
Lemma 3.2] contains a gap. Namely, it is not clear why equation (5) on
page 3525 holds. Hence, it is at present not known whether there are
interesting cases where we can apply Theorem 2.2.
Theorem 2.4. Let I ⊆ S be an ideal. If (R = S/I,D) is gauge bounded,
then cx(D) ≤ pn.
Proof. First, we assert
Claim 2.5. There are generators f1, . . . , fm of Je such that δ(fi) ≤ Kp
e
where K is a constant independent of e.
Assuming this claim we proceed as follows. Using the bound obtained
from Claim 2.5 and an argument just as in Lemma 2.1 (with the maximum
norm instead of the degree) yields
ke − ke−1 ≤ K
′pen
for some constant K ′. Hence, cx(D) ≤ pn.
It remains to prove Claim 2.5: We fix a generating system {ψγ} as in
Definition 1.3 and e ≥ 1. Further, choose ψ1, . . . , ψr in our generating
system which generate De. As explained before Lemma 2.1 ψi is of the form
κefi and the fi form a system of generators of Je. Our goal is to bound the
gauges of these fi. Therefore fix one and omit the index.
Let α be a multiindex such that cxα is a monomial of f such that δ(f) =
δ(cxα). Write α = per+α′ for unique r, α′ ∈ Nn with 0 ≤ α′i ≤ p
e−1. Then
κe
(
cxαxp
e−1−α′
)
= κe
(
cxp
er+pe−1
)
= xrκe
(
cxp
e−1
)
= xrκe(c)
and therefore
δ
(
κe
(
cxαxp
e−1−α′
))
= max{r1, . . . , rn} =: rmax.
On the other hand, we have
δ
(
κe
(
cxαxp
e−1−α′
))
= δ
(
κe
(
fxp
e−1−α′
))
= δ
(
ψi
(
xp
e−1−α′
))
≤
δ
(
xp
e−1−α′
)
pe
+K
≤
pe − 1
pe
+K ≤ 1 +K,
where the first inequality holds due to Definition 1.3 (ii).
Hence, rmax ≤ 1+K which is independent of e. Thus all α
′
i and rip
e are
in O(pe). Hence also all αi which proves Claim 2.5. 
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We now come to the promised example showing that there are Cartier
algebras of finite complexity which are not gauge bounded.
Example 2.6. Let R = k[x, y] for an F -finite field k of prime characteristic
p. It is verified in [BS19, Example 7.13] that
D :=
⊕
e≥0
κeae
with a0 = R and ae = (x
2, xyep
e
) for e ≥ 1 is a Cartier algebra which is not
gauge bounded. Note that in [BS19] the gauge is induced by the degree,
but we may just as well use the one induced by the maximum norm as in
Definition 1.3 (i). However, the complexity of D is clearly one.
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